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POWER FLOW FROM A PLASMA HAVING COMPLEX
ELECTROACOUSTIC WAVE IMPrDANCE

Robert h. Gallawa

The complex electroacoustic wave impedance is
examined and is related to power coupling at a pasma-
vacuum boundary via the plane wave solution of Maxwell' s
equations. The reactive component of impedance is found
to be important at frequencies less than the plasma fre-
quency, where it contributes a significant amount to power
flow. Thus at those frequencies serious errors can be
introduced by assuming that the electro^coustic power is
made up of the powers in the incident and reflected waves
only.

Key words: Electroacoustic, electromagnetic, impeoance.
plasma, power coupling, wave propagation.

1. Introduction

The problem of understanding !he coupling mechanism which go-v.ns

the conversion of electromagnetic energy at a plasma density discontinuity

has received considerable attention in recent years. Work has been done

on the problerv. of reflection from and transmission into a plasma half-

space [Wait, 196C, b; Hessel, et al., 1962; Kritz and Mintzer, 1960],

as well as the reciprocal problem that is encountered when the wave is

incident from the plasma onto the plasma-vacuum boundary (Field, 1956;

Johler. 1964; Gallawa, 19651. In the latter problem one may consider

incident longitudinal (or transverse) waves onto the boundary, there being

coupling to the transverse (or longitudinal) wave by the boundary. In

particular an incident longitudinal wave generates reflected and trans-

irdtted transverse waves, as well as a reflected longitudinal wave. The

1°



problem is complicated by coupling between the two types of waves if a

magnetot-stic field permeates the .elicn.

The machanism by which a compression (longitudinal) wave establishes

an electromagnetic wave at a boundary is now fairly well understood.

The problem of power conversion introduce3 an insight which is not readily

available when work is restricted to the wave magnitudes. The purpose

of this paper is to study the coupling at a plasma-vacuum boundary by

introducipg the complex intrinsic wave impedance. The reactive com-

ponent theraof will be shown to contribute to power transmitted by virtue

of an interaction of incident and reflected waves. The problem is believed

to be particularly important in view of the recent work by Chen ( 1965

in wbich he showed that a space vehicle illuminated by an electromagnetic

wave can excite an electroacoustic wave which may enhance the radar

return considerably.

2. Equations for the Unbounded Homoseneous Plasma.

To introduce important concepts and equations consideration is given

first to the case of an unbounded homogeneous plasma. The medium will

be taken to be a one-component, uniform electron fluid: i. e. heavy ionic

motion will be neglected. Comsions between electrons and neutral

particles will be accounted for by introducing a constant collision fre-

quency. v. In additi-m finite compressibility will be considered. The

wave magnitudes to b9 introduced will be assumed to be very small.

-z -..1



permitting the use of linearized hydrodynamic equations (Oster. 1960).

which are given by

ma, (V VPtf

U1 mnn0 . -()

. (1

Y~ g + *eV (4)

where and m are the charge and mass of the electron. respectvely;

wo and €o are th*i permeability and permittivity of free space. respec-

K?
tively; u is the speed of sound in the electron gas, u f Y T

K x Boltzmann' s constant. T a absolute temperature; p is the devatioa.

of the electron pressure from the mean, and V is the mean electron

velocity; no is the constant electron number density; Y is the ratio of

specific heats; I and H are, as usual, the electric and magnetic fields.

For now the steady magnetic induction is assumed to be zero; that addi-

tional gene-rality can be introduced by replacing 2 by 2 + V x I in (1).

Without loss of generality a time factor exp(i~t) will subsequantly be

assumed and suppressed. The value of 1. where c is the velocity ofc

light, is taken to be 10 throughout this paper. This corresponds to a

temperature of about 104 degrees Kelvin.

.3.
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It Is convenient to study the propagation parameters by splitting

into longitudinal and transverse compone.nts I Hessel and Shmoya, 1961;

Heksel. Marcvitt, and Shmols, 1962; Chen. i964; Field. 1956).

Thus let

E • Z., + JE,.()

where

7 • L - O, (4w)

. + '0. (7)

Then by 1Z). (4). and (7).

J - C . 8

In addition,

V iE, 1A i H. (9)

From these equations, it is evident that E& is in the direction of props-

gation (and hence is longitudinal) while E, is entirely transverse to the

direction of propagation. Clearly there is no magnetic field associated
t

with the longitudinal wave.

There is no difficulty to show Giatzwd &. j'; the pertinent equa-

tions satisfied by E, and p. as

_ __



~ ]L1  0 *(10)

where the (angular) plasma frequency is given by

The usual Cartesian coordinate interpretation of the 9* operator is appli-

cable in (10). The pressure wave has an associated longitudinal electric

field by virtue of ()

The waves defined by (10) and (11) have propagation constants k,

and k given respectively byI

= ~ W [a .11j~ 1 li

k, I. -i, l ) 13)

where

Va .(14)

The square roots are to be chosen so that b k c0 and 3m ki <0.

3. The Electroacoustic Complex Wave Impedance

ihe complex wave impedance for electromagnetic waves has been

used recently IBarlow. 19631 to illustrate power transmission under

Th wve efne b 10 ad I1)h~e rp,~alo ont5ts.

andkt livn espctvel b
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otanding-wave conditions. Concentration here is on the extension of

that cancept to include longitudinal waves. To define the necessary

tsv.pedarcoe break V uato components:

where V, and V, are associated with the longitudinal and transverse

waves respectively. In fact. it is convenient to let

ao. (v, + is) .eE - Vp (15)

nut. (v +is) aneZ,. (16)

U p. , a ad EL are taken to be plane waves. varying a exp (- k, x).

the intrinsic impedance of the electroacouatic .longltudinal) wave can be

defined as

M•L.
p

where VL is the x directed component of V,. In the case of a Pure

longitudinal wave, there will be no other components of V. In particular.

we may take

Jr. E:.L OP I- ik X) .(8

p - -k 5  " E*, exp(- kL x) (19)

-0-
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Vt  a ' i ) Ea t *xp(- ik x) . (ZO)

Then.

where

I 
U

In the case of a collisionless nonievniaed gas, the impedance reduces to

that of the usual acoustic wave [Morse, 1948; Moore. 1960). In the case

of a pure transverse wave, the corresponding expression for impedance

is [Barlow, 1963)

Z,

where
Z

In this case. the impedance is associated with the electromagnetic wave.

Barlow has treated the ramifications of this impedance extensively, and

- 7 -



so attention will be restricted here to the treatment of longitudinal wave

propagation.

I the case of a pressure wave impinging on a density discontinuity.

the total wave will be made up of an incident and a ieflected component;

that is

where the superscripts + and - refer to the incident and reflected com-

ponsnt., respectively. Associated with these *aves are the corresponding

VL VL ". Thus. for mnmple.

p 4usinNg

V L E ep(- UkCz)
SVtexp( - )

|*

VL EL

In these expressions. V1  and V. are components in the positive x

direction. Clearly.

V + V."P - a

pp

--

____



The expressions for V,, and p have been related to the corresponding

electric fields. E~r is the reflected longitudinal electric field.

In order to establish meaningful power relations, it is convenient

to examine the Pctyting vector associated with these waves. If atten-

tion is restricted to the longitudinal waves, we have

P •Re [pVt* -Re[ p (V+ ) +p (Vs.)

+ ) +pM ,) . (23)

where Re indicates the real part and the asterisk denotes complM con-

jugate. By Introducing the reflection coefficient, p.

P *L

(23) becomes

P 1{P+18[tio - 1 s i 1' P I ant] . (24)

at x a 0, the plane of density discont'nuity. The terms introduced in

(24) are defined as follows:

p P JpJ expit) . (26)

-9-



The first term in (14) clearly represents the difference between the

pawrs carried by the two oppositely directed waves acting independently.

The second term relpesents an interaction between the storage fields of

the oppositely directed waves. The latter term is zero if either the

impedance, i. or reflection coefficient. p is real.

rquatio (24) shows the inadequacy of calculating power by neglecting

the interaction between incident and reflected fields. In some instances

the error introduced !s negligible. but in general is nonzero.

4. Power Coupling at a Plasma-Vacuum Boundary

An analysis analogous to that carried out above may be made for a

longitudinal wave incident on a boundary at oblique incidence. In that

case a directional impedance may be defined which is dependent on the

angle of incidence and the characteristics of the medium. If consider&-

tion is then given to the flow of power across a boundary, an expression

similar to (44) can be obtained.

In establishing the equations for the latter study, a magnetostatic

field may be included and set equal to sero if conditions dictate.

The equation satisfied by E is [ Gallawa. 1965]

+ u YRtE rimO

( vi x (27) l.

-.10-.
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The angular electron gyrofrequency. s o eB. / m. has been introduced,

where B a A Be is the magnetic induction vector and I is a unit vector.

The dispersion relation can be obtained by assuming a plane-wave

solution which is proportional to exp(- kK • i). where h is a unit vector

in the direction of propsaation and I- is the vector to the variable point

" of interest. Under these conditions.

and (25) reduces to

s. su s  k-.2

=iA =-IL XrL)(28)

This equation is quite complex when considered in its most general form.

A tractable form can be deduced by restricting attention to the case

whereby A is perpendicular to R and is such that I x 1 a T. Then 1, A. T

form a right-handed triad and the basis of a rectangular coordinate

system. Then

. +I E. + TE,

ad (RS) reduces to three simultaneous equations:

-11-

ii



E, (N - as"] 0. (Zb)

E -, v . [k - ] .. (Zoe)

If the magnetostatic field vanishes the medium can support three waves.

each propagating independently. In generaL however. E. and Et are

coupled and purely transverse or longitudinal waves cannot be supported.

The set of equations (ZSa) and (Zoc) leads to solutions for k by

equating the determinant of the coefficients to sero. This leads to

aa
as t Us is

I

ks  VT a "v, iwi
2u'VT

.. ~ ~ ~ 4 ,. -". -2",' .....
VT-, Ra.3 , S 4-,,; -" . (Z'9)

where the upper sign is associated with the quasi-longltudinal wave (k,)

ad the lower sign with the quasi-transverse wave (kv).

The way in which the complex directional impedance contributes

to power coupling at a density discontinuity can be studied by examining

the mechanism of reflection and transmission at a boundary. Here the

boundary is taken as a plane surface, separating vacuum and plasma

half-spaces. Attention is restricted to the case of coupling from an

..................



electroacoustic (longitudinal or quasi-longitudinl) wave. In order to do

this, a longitud nal wave is assumed to be incident on the boundary from

the plasma (see fA. I). Thus it Is supposed that the incident wave is

~ [i conS 1, 8|a0

.1,elne.l.oos )]ep[-i(xColl +a.se1)] (30)

where

8 •"(31)vt (k- *

The reflected quasi-longitudinal and quasi-transverse waves are, respec-

tively.

1%, P a L" coo 0 +.Is in m

+R(-i sine -1 cos 9)1exp[-N (-xcos 9 &slaS1)(3)

il a Z, [- A. sin 4P - . coo 4P

+ T- o Co 91 , sin sie ex[-likI (- xcoo es asia ,J.(33)

where

T tk?* - no)
Ta - I(34)

-13-



The tranemitted wave is

i, ,a,, [a. sin Q -, Cos .]exP [. k,,o(x cooa. a sin 9..

(3S)

where 0 and 9 are used in association with longitudinal and transverse

waves, respectively. The subscript 1 or 2 Is used to designate plasma

or vacuum, respectively.

The boundary conditions used to determine the amplitudes are

continuous (zero) normal electron velocity and continuous tangential

electric and magnetic fields.

Using (8) and (15). expressions for p and V. can be obtained in

terms of the electric field. Expressions for the directional impedance

may then be defined in terms of these expressions. To do so. super-

script + or - will be attached to designate incident and reflected waves.

respectively. Thus. with the magnetostatic field taken to be sero.

p+ a . ik um eXp[ ik(xcos 0+ sin 8)J . (36)
e

. - D ," U m . E, lexp[ - ik(- x cos 0 + sin0), (37)
p

Vt. + Ee.. coO e +Z sino exp(- ik 1 (xcos e + sin e) .

(38)

E, -co + at sin 91 ,xp[ -Sk)(- x €o e + a sin o)]
(39)

-14-



The reflection coefficient may be defined as before:

8(0

Directional electroacoustic wave impedance may then be defined in a

method analogous to that previously discussed. Thus, we take

V +
S* 141)
P p,

where

V v + +
V I U EL Ill

V 3 V- +g, V31

Then the directional impedance, ., is siven by

a
a, • aZ-Cos 9 ( 42)

?" time-averalge x-comp=n*M ad the Poyating vector associated with

the electroacoustic wave then becomes

Ps V i' I f.ill1 I1l)+ Z. is 1(ainYX+ coo Y)l (43)

where

-11-



. -1.*i+ik. .

Cos I a Y U-

Zquation (43), which is valid for x 9 0, illustrates that

the Poynting vector has an exponentially dacayins standing wave com-

ponent. This component of the vsctor is established by the reactive

component of the directional impedance. At x a 0, (43) becomes

Ps 11, {Prii. IJ) + z i a) . (44)

which is entirely analogous to (24) with directional impedan- replacing

impedance.

Attention has been, up to now, restricted to the power flow due to

the electroacoustic wave. A contribution due to the electromagnetic

waves will also be present. If a magnetostatic field permeates the region.

an electromagnetic wave necessarily accompaniso the electroacoustic

wave. In any case a reflected and a tranemitted electromagnetic wave

are generated at the boundary, as in (30)- (35).

_ _ | -



The power flow described in (24) and (14) is quite analogous to that

described by Barlow 1 1963J for the transverse electromagnetic waves.

In order to describe the power coupling mechanism at the boundary,

we choose here to examine the magnitudes of the Poynting vectors in the

vacuum and that associated with the incident wave. The ratio of the

formr to the litter will be termed the power converston factor (see

figs. 6 - 13). With this defiaiti . the power conversion factor is not

physicaly meaningful except that it illustrate# phenomena specifically

related to the complex electroacoustic wave impedance. In particular.

it is evident from figure 6 that the interaction of the incident and reflected

waves is significant at the lower frequencies, where the last term in (44)

predominates. ror example. if w , s. v >> a are both satisfied and

in addition (:wgaIv) >> 1. it is not difficult to show that (ee (44))

€ coo me

This exceeds udy when. cr exceeds about 10 and (%Iv) > 10 (ulc is

10- throughout).

The power conversion factor, as herein defined, is useful in illue-

t ating the effects of a complex wave impedance; at the same time, it i

somewhat superficial because it attempts to separate power contained in

the incident wave from the total incident power when in fact the interactirn

-17.-



of Ae incident and reflected waves precludes this separation. There is.

thof. a distinct difference between the power in the incident wave and the

total incident power. Indeed. the total incident electroacoustic power

can be considerably greater than the power contained in the incident wavc

(see fig. 6). Thus. for the electroacoustic mode. the total power

through a given cross-section may be obtained by integrating the power

density, as given in (44). With the normalization chosen here. attention

is restricted to an examination of the power density in the vacuum due to

an incident longitudinal wave maintained at unity magnitude (E a• 1).

In the plasma. the tine average Poynting vector is (Chen. 1964;

Field. 1956)

. Re[ X +pVJ (4S)

where Re indicates the real part. and the asterisk specifies the corn-

plex conjugate. Using (Z). (3). and (4). along with the assumed field

variation, the Poynting vector for the incident quasi-longitudinal wave

becomes

I

-IS
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' [a Re " coo 0) a .R , si 9))

zeusIs 0eb IsI

+ [jig hR ('N sin) -Jig Re(R k" cos 6)]

+an Rhe XL a(w ) k:*

• , 5

O*

+ to~ Re k' R (Coe 9) I'.1 0u m e) 1 (46)

In the vacuum

ReE -'* IM JC.I .N (4?)

In the absence of & magnstostatic field. (46) reduce* to

af we I Z.1L [s - e (bcose)) + Isas (ai(sife)) .(4s)

5. Discussion

The electroacoustic wave impedance is generally complex unless

collisions are neglected. The associated x-directed component of the

Poynting vector at the boundary is therefore made up of two parts. The

first part consists of the difference in the magnitudes of the forward and

-1,-



backward traveling waves. The second part is due to the interaction of

the reactive components. Conceivably. the latter portion of the Poynting

component can exceed the former. if the imaginary parts of the various

terms are of sufficient magnitude. This is gereorally the case for a up,.

The imaginary part of the wave impedance exceeds or is loe than

the real part depending on whether e < S or a > N,. At. ew the two

components are equal. The manner in which the imaginary part changes

with frequency for a > N, depends on the electron density and the collision

frequency. For the higher collision frequencies. the imaginary and

real parts of the impedance tend to remain almost equal for a 5 w.. For

lower collision frequencies. this tendency does not prevail, and the

imaginary part drops off quite rapidly with frequency for frequencies

greater than the plasma, frequency. These factors are ilustrated

graphicaly in figures 2- 5. The valueof, where cIs the velocity of
C

light, is taken to be 102 throughiout. This corresponds to a tempera-

ture of about 100 degrees Kelvin.

The variation of the power conversion factor, as earlier defined.

is given in figures 6 -13. For v a 10' the power conversion factor

exceeds unity for frequencies somewhat less than the plasma frequency.

I This is not surprising in view of the earlier discussion. The curves

are parametric in electron density and are given as functiono of fro-

quency and (real) angle To. The results are given for the case of zero

420.



magnetostatic field (figs. 6 - 9) and also (figs. 10 - 13) for the case

of a magtnetostatic field having a magnitude of 5 x 10 "6 Webers/nm

(0. 5 Gauss). In the latter case there is necessarily a nonzero (trans-

verse) electromagnetic field associated with the incident wave. There

will therefore be a wave interaction of the type described by Barlow

S" [ 1963) as well. This interaction wiU be due to the complex wave

impedance seen by that wave. The graphs showing the E-field conver-

sion factor corresponding to figures 6 - 13 have been given in an earlier

report [Galiawa. 1965).

6. Conclusions

The resultpresented in this paper indicate that the reactive com-

ponent of the wave impedance, as seen by an electroacoustic wave. may

play an important role in the power coupling at a plasma-vacuum

boundary. The results show that the storage fields of oppositely

directed waves may interact to produce a significant flow of power.

Thus, the total flow of power may differ appreciably from that *ae to

the incident and reflected waves acting independently. This is generally

the case for frequencies lose than the plasma frequency.

An important question which remains to be answered pertains to

the effectiveness of the boundary as a power coupling device for the two

modes of incident waves; L e.. one should examine the effectiveness

for incident electromagnetic and electroacoustic waves. Because of

-41 -



the importance of the complex wave impedance. it is probable that one

mode provides more power flow across the boundary than the other for

the same incident power. This possibility has its corollary in the problem

of evanescent fields in hollow metallic guides. In tMt case Barlow [1963]

found that the E mode can provide & much larger flow of power than the

H mode for the same applied field and terminal impedance. The ques-

tion as it applied to plane waves in a plasma will be examined in a

future report.

Io
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7. Glossry

h .+ v')

m mass of an electron

electron number density

t time
velocity vector

e electronic charge

lelectric field vector

E electric field magnitude

A static magnetic flux density vector

ft magnetic field vector

p thermodynamic perturbation pressure

u speed of sound in electron gas

v a term defined in equation (14)

R & term defined in equation (31)

R real part of electroacoustic wave impedance

Ximaginary part of electroacoustic wave impedance

2acoustic wave impedance

T a term defined in equation (34)

I. t, t. F unit vectors

-Z3-



I vector to a variable point
k wave number

C velocity of light

exp exponeatial function

34 ye a the Cartesian coordinate variables

V collision frequency

a. permeability of space

6 , permittivity of space

0 radian frequency

of plasma frequency

electron cyclotron frequency

a term defined in equation (12)

?I index of refraction

o direction angles associated with electroacoustic waves

* direction angles associated with (transverse) electro-
magnetic wa*es

volume mass density

reflection coefficient

phase angle of 0

i -24-
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MEDIUM IMEDI UN 2

Figure 1. Coordinate system showing the two media and illustrating
the angles of incidence. reflection. and transmission.
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